INTRODUCTION
Let Q be a bounded domain of R N (N=2 or 3) with boundary I\ We consider the stationary Stokes problem for an incompressible viscous fluid confined in ù : Find functions u = (u u ..., u N ) and/? defined over £2 such that -vAw + grad p = ƒ in Q 3 (1.1) divw-OinQ,
where u is the fluid velocity, p is the pressure, f are the body forces per unit mass and v > 0 is the dynamic viscosity.
This paper is devoted to the numerical approximation of problem (1.1) by finite element methods using triangular éléments (N = 2) or tetrahedral 
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éléments (N = 3). Clearly, the main difficulty stems from the numerical treatment of the incompressibility condition div u = 0. Because of this additional constraint, and except in some special cases, standard finite éléments as those described in Zienkiewicz [16, Chapter 7] appear to be rather unsuitable. Thus, it has been found worthwile to generate special finite éléments which are well adapted to the numerical treatment of the divergence condition.
Indeed, one can construct finite element methods where the incompressibility condition is exactly satisfied (cf. Fortin [8] , [9] ) but this leads to the use of complex éléments of limited applicability. Thus, in this paper, we shall construct and study finite element methods using simpler éléments where the incompressibility condition is only approximatively satisfied.
On the other hand, we have found it very convenient to use nonconforming finite éléments which violate the interelement continuity condition of the velocities. Thus, we shall develop in this paper both conforming and nonconforming finite element methods for solving the Stokes problem (1.1).
An outline of the paper is as follows. In § 2, we shall recall some standard results on the continuous problem and we shall give a gênerai formulation of the finite element approximation. Section 3 will be devoted to the dérivation of gênerai error bounds for the velocity both in the energy norm and in the L 2 -norm. In § § 4 and 5, we shall give examples of conforming and nonconforming éléments, respectively. In § 6, we shall dérive gênerai error bounds for the pressure in the L 2 -norm. Finally, we shall constder in § 7 the approximation of the Stokes problem with inhomogeneous boundary conditions (1.2) u = g on T.
For the sake of simplicity, we have confined ourselves to polyhedral domains £1 but it is very likely that our results can be extended to the case of gênerai curved domains by using isoparametric finite éléments, as analyzed in Ciarlet and Raviart [6] , [7] , Similarly, we have not considered the effect of numerical intégration since this effect has been already studied : see Ciarlet and Raviart [7] , Strang and Fix [15] .
In a subséquent paper, we shall describe and study both direct and itérative matrix methods for numerically finding the finite element approximation of the Stokes problem. Finally, let us mention that all the methods and results of this paper can be extended to some nonlinear problems. In this respect, we refer to a forthcoming paper of Jamet and Raviart [11] where the stationary Navier-Stokes équations are considered.
NOTATIONS AND PRELIMINAIRES
We shall consider real-valued functions defined on Q. Let us dénote by Introducé now the space
We extend the scalar product in (L 2^) )^ to represent the duality between V and its dual space F'. Let 
/R is a solution of équation (2.13) (or 2.14)), then u € V is a solution of (2.15) va(£») = (ƒ, ï) for ail 1 € F.
In fact, one can prove the following resuit (cf. Ladyzhenskaya [12] 
GENERAL ERROR ESTIMATES FOR THE VELOCITY
Now, we want to dérive bounds for the error u h -u when the solution « € V of (2.15) is smooth enough (For regularity properties of the solution u, we refer to [12] ). We begin with an estimate for \\u h -u\\ h . We may write for uch that
(ii) for some integer / ^ 1
where the constant C is independent of h and er. By (2.20), condition (3.2) is equivalent to the following property : (3.10) for all 9 € tf ^iQ and all v € H m+1 (K).
Proof. Let £ be a nondegenerate iV-simplex of R N and let K ' be a (N -1)-dimensional face of K. Just for convenience, we shall assume that K r and K' have the same supporting hyperplane x N -0. Let us dénote by
an aflSne invertible mapping such that For any function ƒ defined on K(or on K'), we let : ƒ = ƒ o F. Then, we have
We may write for all 9 e H\K) and all v € H m+i (K).
with norm ^ ||£ -^|^|O,K' an( i which vanishes over P o by (3.9). By the Bramble-Hilbert lemma [3] in the form given in [5, Lemma 6], we get 
where norm.
is the norm of the matrix B subordinate to the Euclidean vector In the sequel, we shall dénote by C or C f various constants independent of h and a. We are now able to dérive a bound for the error \\u h -M|| A . 
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METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS
Then, problem (2.23) has a unique solution ~u h 6 V h and we have the estimate
Proof. Existence and uniqueness of the solution 7i h € V h follow from Hypothesis H.2, Lemma 2 and Theorem 2. Consider now équation (3.6) : we begin with an estimate for the term (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) (19) (20) (21) (22) Let K' be a (N -l)-dimensional face which séparâtes two iV-simpIices K U K 2 € *6*. For ƒ = 1,2, let us dénote by w hti the restriction w h to K t and by ~h t the unit vector normal to K' and pointing out of K u The contribution of ^' in the expression (3.22) is given by--
According to Hypothesis H.2 (i), we have and we may write 
By définition of the space V h , we have :
Thus, we may write 
for some integer m with 1 ^ m ^ k, we similarly get the estimate
Assume now that (3.31) holds with m = 0, i.e. (u,p) does not satisfy any smoothness property. Then, by using the density of V f\ (3)(Q)) N in V, one can easily show that for bounded o- (3.33) lim f»* -«|f A = 0.
We now come to an L 2 -estimate for the error ~u h -~ii. To do this, we need the following regularity property for the Stokes problem :
Since Q is a polyhedral domain, this property holds for example when Q, is convex. 
Combining (3.6) and (3.37), we obtain for ail 
+H
Then, applying Lemma 1 and Theorem 3 gives
The conclusion folîows from (3.36), (3.38) and (3.48).
APPLICATIONS I : CONFORMING FINITE ELEMENTS
Let us recall some gênerai définitions [5] , Let iT be a iV-simplex belonging to TS ft with vertices a itK , 1 ^ / < N + 1; we dénote by X f (x) = X;,^), 1 < i < iV + 1 ? the barycentric coordinates of a point XÇLF? with respect to the vertices of JST. Let H K = {b î)K } t *l x be a set of M distinct points of ^T. We shall say that the set S^ is P K -unisolvent if the Lagrange interpolation problem : 
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Moreover, the basis functions are given by
Pu. K = 4AX, 1 < ï < ƒ ^ 3.
(4.1)
<x a Then, define the spaces :
Clearly, a function ü ft G PF h is uniquely determined by its values v h (a itK ) 9 1 < i < 3, and v^a i3^ l <$ i < j *Z 3, Ke*6 h . We let 2 ) such that (3.4) holds with k = 2. We shall see in § 5 how the use of nonconforming finite éléments enables us to obtain the same asymptotic error estimâtes by using polynomials of degree 1 only in each triangle K € *£?/,. EXAMPLE 2. Now, we show that we can raise by one the asymptotic order of convergence of the previous method by slightly increasing the corresponding number of degrees of freedom. Assume for the moment that N = 2. We introducé the centroid a 12 ï t K of the triangle K with vertices a itKi 1 ^ z < 3. Let us dénote by P K the space of polynomials spanned by Then, P 2 C P K and S K = { a UK } U { a ijtK } U { a 123>K } is a P K -unisolvent set. Moreover, we can easily compute the basis functions :
a Figure 2 Let us define the space (4.14)
Here again, a function v h e W h is uniquely determined by its values 1 < 1 < 3, v h {a ij<K ), 1 < 1 < j < 3, and ü h (a 123>K ), ^€ EXAMPLE 3. We can easily extend the ideas given in Example 2 in order to construct conforming finite element methods of higher-order of accuracy. We shall consider only a 2-dimensional example corresponding to k = 3. With any triangle K€l5 h , we associate the points a ltKi 1 ^ i < 12, whose barycentric coordinates are : 
APPLICATIONS II : NONCONFORMING MNITE ELEMENTS
We now come to nonconforming finite element methods for solving the stationnary Stokes équations. We shall give two examples which correspond to the cases k = 1 and k = 3. o,n 2,n i,n provided (3.14) holds.
In conclusion, the nonconforming finite element method discussed here appears to be more attractive than the conforming method of Example 1 which involves more degrees of freedom without improving the asymptotic order of accuracy. EXAMPLE 5. Here again, it is possible to construct nonconforming finite element methods of higher-order of accuracy. For the sake of simplicity, we shall confine ourselves to a spécifie 2-dimensional example corresponding to k -3. With any triangle K€ti h , we associate the points b iiK , 1 ^ z < 12, whose barycentric coordinates with respect to the vertices a itK9 1 ^ i < 3, of K are given by 
Proof, We only sketch the proof. First, we remark that the restriction to each side of K of any polynomial of P K is a polynomial of degree ^ 3. Thus, if/? €P K vanishes at points b itK , 1 < i ^ 3 for instance, we get qp der = 0 for all q €P 2 since the points b îfK , 1 ^ z < 3, are Gaussian quadrature points. Then, for fixed q€P 2 , the intégral qp da dépends on p(b iiK ), 1 < i < 3, p 6 P K . Now, one can easily verify that provided (3.14) holds.
6, ERROR ESTIMATES FOR THE PRESSURE
Let us consider again the gênerai finite element approximation of the Stokes équations as it has been described and studied in § § 2 and 3. A discrete analogue of problem (2.13) 
(ii) for some integer X ^ 0
where the constant C is independent of h and or. [14] ), this exactly means that there exists a distribution 9 in Ci (9 such that (6.6) holds. Moreover, one can prove (cf. [2] The desired inequality follows from (6.9) and (6.10).
REMARK 6. More generally, we can easily prove the following resuit. Assume that (iï,p) satisfies the smoothness properties (2.31) for some integer m with 1 < m < k. Then, we get the estimate (6, Thus, the desired inequality follows from (6.15) and (6.33).
In conclusion, assume that the triangulation *B A vérifies the uniformity condition (6.19 ) and that Q is convex for instance (so that (6.20) holds). Then, in Example 2 with N = 2, Hypothesis H. 3 holds with X = 2 and we get the estimate (6.34) ||/»*-/»| , <c^h 2 (\u\ +\p\ ).
THE CASE OF I3NHOMOGENEOUS BOUNDARY DATA
Consider the stationary Stokes problem with inhomogeneous boundary data -vAu + grad/7 = ƒ in Q t (7.1) div u = 0 in Ü, M = g on T.
Assume that the vector-valued function g can be extended inside £1 as a function u 0 € (H 1^) ) 1 * such that div u 0 = 0. In other words, the function "g satisfies the two conditions : As a corollary of Theorem 1, we get the following resuit. If g satisfies the conditions (7.2), (7.3), there exists a unique pair of fonctions solution of problem (7.4 Now, using équation (7.11) with w 0 h = r A w, it is an easy matter to prove that Theorems 5, 4 and 5 hold without any modification.
Since, in all the examples of § § 4 and 5, the détermination of g fc = r h w 0 | r involves the exact computation of surface intégrais, the choice (7.12) can be inconvénient in some cases. An alternative procedure consists in defining first an approximation g h ofg in (YoW h ) N (for example, g h can be a suitable interpolate of g). Then, we let ~g h to be the orthogonal projection in (^(r))^ of g h upon G h . We shall not give here the correspondingerroranalysis since it involves further technical results.
